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DIFFERENCES OF WEIGHTED COMPOSITION OPERATORS
FROM H∞ TO THE BLOCH SPACE
YECHENG SHI, SONGXIAO LI∗ AND XIANGLING ZHU
ABSTRACT. In this paper, we give two new characterizations for the
boundedness and compactness of the difference of two weighted com-
position operators acting fromH∞ to the Bloch space.
Keywords: H∞; Bloch space; difference; weighted composition opera-
tors.
1. INTRODUCTION
Let D be the open unit disk in the complex plane C, and H(D) be the
class of functions analytic in D. We denote by S(D) the set of all analytic
self-maps of D. For a ∈ D, let σa(z) :=
a−z
1−a¯z
be the automorphism of D
exchanging 0 for a. For z, w ∈ D, the pseudo-hyperbolic distance between
z and w is given by
ρ(z, w) = |σw(z)| =
∣∣∣∣ z − w1− w¯z
∣∣∣∣.
It is well known that ρ(z, w) ≤ 1 and
(1− |z|2)(1− |w|2)
|1− wz|2
= 1− ρ(z, w)2.
We write that ρ(z) = ρ(ϕ(z), ψ(z)) for the pseudo-hyperbolic distance be-
tween ϕ(z) and ψ(z).
For a function u ∈ H(D) and ϕ ∈ S(D), we define a weighted composi-
tion operator uCϕ onH(D) by
(uCϕf)(z) = u(z)f(ϕ(z)) for f ∈ H(D).
When u ≡ 1, we just have the composition operatorCϕ defined byCϕ(f) =
f ◦ ϕ.
Let H∞ = H∞(D) be the space of all bounded analytic functions on D.
ThenH∞ is a Banach algebra with the supremum norm
‖f‖∞ = sup{|f(z)| : z ∈ D}.
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Recall that the Bloch space B, is a space which consists of all f ∈ H(D)
such that
‖f‖B = sup
z∈D
(1− |z|2)|f ′(z)| <∞.
It is well known that B is a Banach space under the norm |‖f‖|B = |f(0)|+
‖f‖B.
We introduce some notations which will be used in the sequel. For u ∈
H(D) and ϕ ∈ S(D), let△ be the set of all convergent sequence {zk} in D.
Put
Λu,ϕ =
{
{zk} ∈ △ : |ϕ(zk)| → 1, (1− |zk|
2)|u′(zk)|9 0
}
and
Γ#u,ϕ =
{
{zk} ∈ △ : |ϕ(zk)| → 1, |u(zk)ϕ
#(zk)|9 0
}
,
where ϕ#(z) = 1−|z|
2
1−|ϕ(z)|2
ϕ′(z). Then uCϕ from H
∞ to B is compact if and
only if Λu,ϕ = Γ
#
u,ϕ = ∅ (see [13]).
Recently, many researcher have studied the differences of composition
operators, as well as the differences of weighted composition operators on
some analytic function spaces. The main purpose for the study of the dif-
ferences of composition operators is to understand the topological struc-
ture of the set of composition operators acting on the given function space.
This line of research was first started in the setting of Hardy spaces, see
[2, 16]. After that, such related problems have been studied on several clas-
sical function spaces such as H∞ [7, 10], the Bloch type spaces [5, 6, 9,
12, 17, 18], weighted-type spaces [4, 12], the weighted Bergman spaces
[1, 11, 14, 15], and the Hardy spaces [3, 14].
In [19], Wulan, Zheng and Zhu proved that Cϕ : B → B is compact if
and only if
lim
n→∞
‖ϕn‖B = 0.
In [17], we proved that Cϕ − Cψ : B → B is compact if and only if
lim
n→∞
‖ϕn − ψn‖B = 0.
In [8], Hosokawa and Ohno studied the boundedness and compactness of
the differences of two weighted composition operators acting from H∞ to
B, under the following assumptions:
(A)U = sup
z∈D
(1−|z|2)|u′(z)|ρ(z) <∞ and V = sup
z∈D
(1−|z|2)|v′(z)|ρ(z) <∞,
and
(B) (1− |z|2)|u′(z)|ρ(z)→ 0 and (1− |z|2)|v′(z)|ρ(z)→ 0 if ρ(z)→ 0.
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The main results in [8] are stated as follows.
Theorem A. [8] Let u,v be in H(D) and ϕ, ψ be in S(D). Assume that
condition (A) holds. Then uCϕ− vCψ is bounded fromH
∞ to B if and only
if the following conditions hold:
(i) u− v ∈ B.
(ii) supz∈D |u(z)ϕ
#(z)− v(z)ψ#(z)| <∞.
(iii) supz∈D |v(z)ψ
#(z)|ρ(z) <∞.
It is possible to replace ϕ with ψ and u with v in condition (iii).
Theorem B. [8] Let u,v be in H(D) and ϕ, ψ be in S(D). Assume that
conditions (A) and (B) hold. Suppose that uCϕ− vCψ is bounded fromH
∞
to B, but neither uCϕ nor vCψ is compact. Then uCϕ − vCψ is compact
fromH∞ to B if and only if the following conditions hold:
(i) Λu,ϕ = Λv,ψ.
(ii) limn→∞(1− |zn|
2)|u′(zn)− v
′(zn)| = 0 for any {zn} ∈ Λu,ϕ.
(iii) limn→∞(1− |zn|
2)|u′(zn))|ρ(zn) = 0 for any {zn} ∈ Λu,ϕ.
(iv) Γ#u,ϕ = Γ
#
v,ψ.
(v) limn→∞ |u(zn)ϕ
#(zn)− v(zn)ψ
#(zn)| = 0 for any {zn} ∈ Γ
#
u,ϕ.
(vi) limn→∞ |u(zn)ϕ
#(zn)|ρ(zn) = 0 for any {zn} ∈ Γ
#
u,ϕ.
It is possible to replace u with v in condition (iii), and also u with v, and
ϕ with ψ in condition (vi).
Motivated by [8, 17], in this paper we will give some new characteriza-
tions for the boundedness and compactness of the differences of weighted
composition operators acting from H∞ to B. More precisely, we show that
uCϕ − vCψ : H
∞ → B is bounded (respectively, compact) if and only if
sup
n∈N
‖uϕn − vψn‖B <∞
(respectively, limn→∞ ‖uϕ
n − vψn‖B = 0), under some mild conditions.
For two quantities A and B, the symbol A ≈ B means that A . B . A.
We say that A . B if there exists a constant C such that A ≤ CB.
2. MAIN RESULTS AND PROOFS
In this section, we will give the main results and the proofs of this paper.
We split this section into two subsection.
2.1. The boundedness of uCϕ − vCψ : H
∞ → B. In this subsection, we
will give some new characterizations for the boundedness of the operator
uCϕ − vCψ : H
∞ → B. For this purpose we need the following lemmas.
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Lemma 2.1. [8] For any z, w ∈ D,∣∣∣∣1− (1− |z|2)(1− |w2|)(1− wz)2
∣∣∣∣ ≤ 3ρ(z, w).
Lemma 2.2. [6] For any z, w ∈ D, we have ρ(z, w)2 ≤ ♭(z, w) ≤ 18ρ(z, w),
where
♭(z, w) = sup
‖f‖B≤1
|(1− |z|2)f ′(z)− (1− |w2|)f ′(w)|.
The following lemma is basically from the proof of Theorem 3.1 of [8].
Lemma 2.3. Let u, v be in H(D) and ϕ, ψ be in S(D). Then the following
inequalities hold:
(i) sup
z∈D
|v(z)ψ#(z)|ρ(z)
≤ U + sup
a∈D
‖(uϕ− vψ)σ2a‖B + sup
(a,b)∈D2
‖(uϕ− vψ)σ2aσb‖B.
(ii) sup
z∈D
|u(z)ϕ#(z)− v(z)ψ#(z)|
≤ V + 3U + sup
a∈D
‖(uϕ− vψ)σa‖B +
3 sup
a∈D
‖(uϕ− vψ)σ2a‖B + 3 sup
(a,b)∈D2
‖(uϕ− vψ)σ2aσb‖B.
The following lemma is key for our first result in this paper. It has inde-
pendent of interesting.
Lemma 2.4. Let u,v be in H(D) and ϕ, ψ be in S(D). Let n,m ∈ N. Then
sup
(a,b)∈D2
‖(uCϕ − vCψ)σ
n
aσ
m
b ‖B . sup
k∈N
‖uϕk − vψk‖B.
Proof. Note that the Maclaurin expansion of the function σnaσ
m
b is given
by
(σnaσ
m
b )(z)
=
(
a− (1− |a|2)
∞∑
k=0
akzk+1
)n(
b− (1− |b|2)
∞∑
k=0
b
k
zk+1
)m
=
(
an +
n∑
l=1
C lna
n−l(|a|2 − 1)l
∞∑
k=l
Ck−lk−1a
k−lzk
)
·
(
bm +
m∑
r=1
Crmb
m−r(|b|2 − 1)r
∞∑
k=r
Ck−rk−1b
k−r
zk
)
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=
n∑
l=1
m∑
r=1
{
C lnC
r
ma
n−lbm−r(|a|2 − 1)l(|b|2 − 1)r
·(
∞∑
k=l
Ck−lk−1a
k−lzk)(
∞∑
k=r
Ck−rk−1b
k−r
zk)
}
+an
(
m∑
r=1
Crmb
m−r(|b|2 − 1)r
∞∑
k=r
Ck−rk−1b
k−r
zk
)
+bm
(
n∑
l=1
C lna
n−l(|a|2 − 1)l
∞∑
k=l
Ck−lk−1a
k−lzk
)
+ anbm
=
n∑
l=1
m∑
r=1
{
C lnC
r
ma
n−lbm−r(|a|2 − 1)l(|b|2 − 1)r
·
∞∑
k=l+r
(
k−r∑
s=l
Cs−ls−1C
k−r−s
k−s−1a
s−lb
k−r−s
)
zk
}
+an
(
m∑
r=1
Crmb
m−r(|b|2 − 1)r
∞∑
k=r
Ck−rk−1b
k−r
zk
)
+bm
(
n∑
l=1
C lna
n−l(|a|2 − 1)l
∞∑
k=l
Ck−lk−1a
k−lzk
)
+ anbm
:= f1 + f2 + f3 + f4,
where we used the fact that
(
∞∑
k=0
akzk+1)l =
∞∑
k=l
Ck−lk−1a
k−lzk and (
∞∑
k=0
b
k
zk+1)r =
∞∑
k=l
Ck−rk−1b
k−r
zk.
It follows from the triangle inequality that
‖(uCϕ − vCψ)σ
n
aσ
m
b ‖B
≤ ‖(uCϕ − vCψ)f1‖B + ‖(uCϕ − vCψ)f2‖B
+‖(uCϕ − vCψ)f3‖B + ‖(uCϕ − vCψ)f4‖B.
For l ≥ 1, r ≥ 1, after a calculation, we have
∞∑
k=l+r
k−r∑
s=l
Cs−ls−1C
k−s−r
k−s−1|a|
s−l|b|k−s−r =
∞∑
n=0
∞∑
m=0
Cnn+l−1C
m
m+r−1|a|
n|b|m
.
∞∑
n=0
nl−1|a|n
∞∑
m=0
mr−1|b|m
. (1− |a|2)−l(1− |b|2)−r.
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Here, we used Cnn+l−1 ≈ n
l−1, as n→∞. Therefore,
‖(uCϕ − vCψ)f1‖B
≤
n∑
l=1
m∑
r=1
C lnC
r
m|a|
n−l|b|m−r(1− |a|2)l(1− |b|2)r
∞∑
k=l+r
( k−r∑
s=l
Cs−ls−1C
k−s−r
k−s−1 |a|
s−l|b|k−s−r
)
‖uϕk − vψk‖B
.
n∑
l=1
m∑
r=1
C lnC
r
m|a|
n−l|b|m−r(1− |a|2)l(1− |b|2)r
∞∑
k=l+r
( k−r∑
s=l
Cs−ls−1C
k−s−r
k−s−1 |a|
s−l|b|k−s−r
)
sup
n∈N
‖uϕn − vψn‖B
.
n∑
l=1
m∑
r=1
C lnC
r
m|a|
n−l|b|m−r sup
n∈N
‖uϕn − vψn‖B
. sup
n∈N
‖uϕn − vψn‖B,
where we used the fact that
n∑
l=1
m∑
r=1
C lnC
r
m|a|
n−l|b|m−r ≤ (1 + |a|)n(1 + |b|)m ≤ 2n+m.
Since
∞∑
k=r
Ck−rk−1 |b|
k−r .
∞∑
k=r
kr−1|b|k−r .
∞∑
k=0
kr−1|b|k . (1− |b|2)−r,
we have
|a|n
(
m∑
r=1
Crm|b|
m−r(1− |b|2)r
∞∑
k=r
Ck−rk−1 |b|
k−r
)
.
m∑
r=1
Crm|b|
m−r . 1.
Using the above estimates and the triangle inequality, we get
‖(uCϕ − vCψ)f2‖B
≤ |a|n
m∑
r=1
Crm|b|
m−r(1− |b|2)r
∞∑
k=r
Ck−rk−1 |b|
k−r‖uϕk − vψk‖B
. sup
n∈N
‖uϕn − vψn‖B.
Similarly, we obtain
‖(uCϕ − vCψ)f3‖B . sup
n∈N
‖uϕn − vψn‖B.
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In addition,
‖(uCϕ − vCψ)f4‖B ≤ ‖(uCϕ − vCψ)1‖B ≤ sup
n∈N
‖uϕn − vψn‖B.
The proof is complete.
Now we are in a position to state our first main result in this paper.
Theorem 2.1. Let u, v be in H(D) and ϕ, ψ be in S(D). Assume that
condition (A) holds. Then the following statements are equivalent.
(i) uCϕ − vCψ : H
∞ → B is bounded.
(ii) For (n,m) ∈ {(0, 0), (0, 1), (0, 2), (1, 2)}, we have
sup
(a,b)∈D2
‖(uCϕ − vCψ)σ
n
aσ
m
b ‖B <∞.
(iii)
sup
n∈N
‖uϕn − vψn‖B <∞.
Proof. (i)⇒ (iii). First, we assume that uCϕ−vCψ : H
∞ → B is bounded.
Consider the function fn = z
n, we have ‖fn‖∞ = 1. Thus, for any k ∈ N,
∞ > ‖uCϕ−vCψ‖H∞→B ≥ sup
k∈N
‖(uCϕ−vCψ)fk‖B = sup
k∈N
‖uϕk−vψk‖B,
which implies the desire result.
(iii)⇒ (ii). By Lemma 2.4, we get it immediately.
(ii)⇒ (i). Let f ∈ H∞ such that ‖f‖∞ ≤ 1. Then
(1− |z|2)
(
(uCϕ − vCψ)f
)′
(z)
= (1− |z|2)
(
u′(z)f(ϕ(z))− v′(z)f(ψ(z))
)
+(1− |z|2)
(
u(z)ϕ′(z)f ′(ϕ(z))− v(z)ψ′(z)f ′(ψ(z))
)
= (1− |z|2)(u′(z)− v′(z))f(ϕ(z))
+(1− |z|2)v′(z)
(
f(ϕ(z))− f(ψ(z))
)
+
(
u(z)ϕ#(z)− v(z)ψ#(z)
)
(1− |ϕ(z)|2)f ′(ϕ(z))
+v(z)ψ#(z)
(
(1− |ϕ(z)|2)f ′(ϕ(z))− (1− |ψ(z)|2)f ′(ψ(z))
)
.
It is known that for z, w ∈ D and f ∈ H∞,
sup
‖f‖∞≤1
|f(z)− f(w)| =
2− 2
√
1− ρ(z, w)2
ρ(z, w)
≤ 2ρ(z, w).
8 YECHENG SHI, SONGXIAO LI∗ AND XIANGLING ZHU
Thus, combining the above facts, Lemma 2.2 and condition (A), we obtain
‖uCϕ − vCψ‖H∞→B
≤ |u(0)|+ |v(0)|+ ‖u− v‖B + 2V + sup
z∈D
|u(z)ϕ#(z)− v(z)ψ#(z)|+
18 sup
z∈D
|v(z)ψ#(z)|ρ(z).
Therefore, using Lemmas 2.3 and 2.4, we obtain
‖uCϕ − vCψ‖H∞→B
≤ |u(0)|+ |v(0)|+ 21U + 3V + ‖u− v‖B + sup
a∈D
‖(uϕ− vψ)σa‖B
+21 sup
a∈D
‖(uϕ− vψ)σ2a‖B + 21 sup
(a,b)∈D2
‖(uϕ− vψ)σ2aσb‖B
< ∞.
The proof is complete.
2.2. The compactness of uCϕ − vCψ : H
∞ → B. In this subsection, we
will give two new characterizations for the compactness of the differences
of two weighted composition operators acting from H∞ to B.
Lemma 2.5. Let u, v be inH(D) and ϕ, ψ be in S(D). Let n,m ∈ N. Then
lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ)(σ
n+1
a − aσ
n
a )σ
m
b ‖B . lim sup
k→∞
‖uϕk − vψk‖B.
Proof. Let g = (σn+1a − aσ
n
a )σ
m
b . As in Lemma 2.4, we have
(σnaσ
m
b )(z) = f1(z) + f2(z) + f3(z) + f4(z),
where fi(i = 1, 2, 3, 4) are defined in the proof of Lemma 2.4. Thus,
g(z) = (f1 + f2 + f3 + f4) · (σa(z)− a) := g1 + g2 + g3 + g4,
where gi(z) = fi · (σa(z)− a), i = 1, 2, 3, 4. It is easy to see that
σa(z)− a = −(1 − |a|
2)
∞∑
k=0
akzk+1.
Denote that ck(l, r) =
∑k−r
s=l C
s−l
s−1C
k−s−r
k−s−1a
s−lb
k−s−r
. We have
g1(z) = f1(z) (σa(z)− a)
= (|a|2 − 1)
n∑
l=1
m∑
r=1
{
C lnC
r
ma
n−lbm−r(|a|2 − 1)l(|b|2 − 1)r
·
∞∑
t=l+r+1
(
t−l−r−1∑
i=0
ct−1−i(l, r)a
i
)
zt
}
.
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Here, we used
(
∞∑
k=l+r
ck(l, r)z
k)(
∞∑
k=0
akzk+1) =
∑
t=l+r+1
(
t−l−r−1∑
i=0
ct−1−i(l,r)a
i)zt.
Using the triangle inequality and by elementary calculations, we get
‖(uCϕ − vCψ) (f1 · (σa − a)) ‖B
≤ (1− |a|2)
n∑
l=1
m∑
r=1
{
C lnC
r
m|a|
n−l|b|m−r(1− |a|2)l(1− |b|2)r
∞∑
t=l+r+1
∣∣∣∣∣
t−l−r−1∑
i=0
ct−1−i(l, r)a
i
∣∣∣∣∣ ‖uϕt − vψt‖B
}
≤ (1− |a|2)
n∑
l=1
m∑
r=1
{
C lnC
r
m|a|
n−l|b|m−r(1− |a|2)l(1− |b|2)r
∞∑
t=l+r+1
F (t, l, r, a, b)‖uϕt − vψt‖B
}
.
Here and henceforth,
F (t, l, r, a, b) =
t−l−r−1∑
i=0
t−1−i−r∑
s=l
Cs−ls−1C
t−1−i−s−r
t−1−i−s−1 |a|
s+i−l|b|t−1−i−s−r.
For each N > n+m, we split the above quantity into two terms
I1 := (1− |a|
2)
n∑
l=1
m∑
r=1
{
C lnC
r
m|a|
n−l|b|m−r(1− |a|2)l(1− |b|2)r
N∑
t=l+r+1
F (t, l, r, a, b)‖uϕt − vψt‖B
}
and
I2 := (1− |a|
2)
n∑
l=1
m∑
r=1
{
C lnC
r
m|a|
n−l|b|m−r(1− |a|2)l(1− |b|2)r
∞∑
t=N+1
F (t, l, r, a, b)‖uϕt − vψt‖B
}
.
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For the first term, letting |a| → 1, we have lim|a|→1 supb∈D I1 = 0. For the
second term, we have
I2 ≤ (1− |a|
2)
n∑
l=1
m∑
r=1
{
C lnC
r
m|a|
n−l|b|m−r(1− |a|2)l(1− |b|2)r
∞∑
t=N+1
F (t, l, r, a, b)
}
sup
k≥N+1
‖uϕk − vψk‖B.
For fixed l, r, since N > n+m ≥ l + r, we get
I2 ≤ (1− |a|
2)
n∑
l=1
m∑
r=1
{
C lnC
r
m|a|
n−l|b|m−r(1− |a|2)l(1− |b|2)r
∞∑
t=l+r+1
F (t, l, r, a, b)
}
sup
k≥N+1
‖uϕk − vψk‖B.
Since
∞∑
k=l+r
(
k−r∑
s=l
Cs−ls−1C
k−s−r
k−s−1 |a|
s−l|b|k−s−r
)
∞∑
n=0
|a|n
=
∞∑
k=l+r
∞∑
n=0
k−r∑
s=l
Cs−ls−1C
k−s−r
k−s−1 |a|
s+n−l|b|k−s−r
=
∞∑
t=l+r+1
t−l−r−1∑
i=0
t−1−i−r∑
s=l
Cs−ls−1C
t−1−i−s−r
t−1−i−s−1 |a|
s+i−l|b|t−1−i−s−r
=
∞∑
t=l+r+1
F (t, l, r, a, b)
and
∞∑
k=l+r
(
k−r∑
s=l
Cs−ls−1C
k−r−s
k−s−1|a|
s−l|b|k−r−s
)
∞∑
n=0
|a|n
. (1− |a|2)−l(1− |b|2)−r(1− |a|)−1,
we have
I2 .
n∑
l=1
m∑
r=1
C lnC
r
m|a|
n−l|b|m−r sup
k≥N+1
‖uϕk − vψk‖B.
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Noting that
n∑
l=1
m∑
r=1
C lnC
r
m|a|
n−l|b|m−r =
(
n∑
l=1
C ln|a|
n−l
)(
m∑
r=1
Crm|b|
m−r
)
≤ (1 + |a|)n(1 + |b|)m
≤ 2n+m,
we obtain
lim
|a|→1
sup
b∈D
I2 . sup
k≥N+1
‖uϕk − vψk‖B.
Therefore,
lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ)g1‖B . lim sup
k→∞
‖uϕk − vψk‖B.
Since
g2
= (|a|2 − 1)an
( m∑
r=1
Crmb
m−r(|b|2 − 1)r
∞∑
k=r
Ck−rk−1b
k−r
zk
)( ∞∑
i=0
aizi+1
)
= (|a|2 − 1)an
m∑
r=1
Crmb
m−r(|b|2 − 1)r
( ∞∑
k=r
Ck−rk−1b
k−r
zk
∞∑
i=0
aizi+1
)
= (|a|2 − 1)an
m∑
r=1
Crmb
m−r(|b|2 − 1)r
∞∑
k=r+1
k−r∑
i=1
Ck−i−rk−i−1b
k−i−r
ai−1zk,
by the triangle inequality, we obtain
‖(uCϕ − vCψ)g2‖B
≤ (1− |a|2)|a|n
m∑
r=1
Crm|b|
m−r(1− |b|2)r
∞∑
k=r+1
k−r∑
i=1
Ck−i−rk−i−1 |b|
k−i−r|a|i−1‖uϕk − vψk‖B.
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For any fixed integer N > r, we have
‖(uCϕ − vCψ)g2‖B
≤ (1− |a|2)|a|n
m∑
r=1
Crm|b|
m−r(1− |b|2)r
N∑
k=r+1
k−r∑
i=1
Ck−i−rk−i−1 |b|
k−i−r|a|i−1 sup
n∈N
‖uϕn − vψn‖B
+(1− |a|2)|a|n
m∑
r=1
Crm|b|
m−r(1− |b|2)r
∞∑
k=N+1
k−r∑
i=1
Ck−i−rk−i−1 |b|
k−i−r|a|i−1 sup
n≥N+1
‖uϕn − vψn‖B
:= J1 + J2.
After a calculation,
∞∑
k=N+1
k−r∑
i=1
Ck−i−rk−i−1 |b|
k−i−r|a|i−1 ≤
∞∑
k=r+1
k−r∑
i=1
Ck−i−rk−i−1 |b|
k−i−r|a|i−1
=
∞∑
k=r
Ck−rk−1 |b|
k−r
∞∑
i=1
|a|i−1
. (1− |b|2)−r(1− |a|2)−1.
Letting |a| → 1, we obtain lim|a|→1 supb∈D J1 = 0 and
lim
|a|→1
sup
b∈D
J2 . sup
k≥N+1
‖uϕk − vψk‖B.
Hence
lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ)g2‖B . lim sup
k→∞
‖uϕk − vψk‖B.
Similarly, we can prove that
lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ)g3‖B . lim sup
k→∞
‖uϕk − vψk‖B
and
lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ)g4‖B . lim sup
k→∞
‖uϕk − vψk‖B.
Therefore,
lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ)g‖B . lim sup
k→∞
‖uϕk − vψk‖B.
The proof is complete.
DIFFERENCES OF WEIGHTED COMPOSITION OPERATORS 13
Theorem 3.2. Let u, v be in H(D) and ϕ, ψ be in S(D). Assume that the
conditions (A) and (B) hold. Suppose uCϕ − vCψ is bounded from H
∞ to
B. Then the following statements are equivalent.
(i) uCϕ − vCψ : H
∞ → B is compact.
(ii) For (n,m) ∈ {(0, 0), (0, 1), (0, 2), (1, 2)}, we have
lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ)
(
(σn+1a − aσ
n
a )σ
m
b
)
‖B = 0.
(iii)
lim
k→∞
‖uϕk − vψk‖B = 0.
Proof. (i)⇒ (iii). We assume that uCϕ − vCψ from H
∞ to B is compact.
Consider the function fk(z) = z
k. We have ‖fk‖∞ = 1 and {fk} con-
verges to 0 uniformly on every compact subset ofD. Thus, limk→∞ ‖(uCϕ−
vCψ)fk‖B = 0, i.e.,
lim
k→∞
‖uϕk − vψk‖B = 0.
(iii)⇒ (ii). It is obvious from Lemma 2.5.
(ii)⇒ (i). We consider it in two cases.
Case 1. One of the weighted composition operators uCϕ and vCψ is
compact. We may assume that vCψ is compact and only have to prove (ii)
implies that uCϕ is compact from H
∞ to B. For any w ∈ D, define
fϕ(w)(z) = σ
2
ϕ(w)(z)− ϕ(w)σϕ(w)(z), z ∈ D.
We have
‖uCϕfϕ(w)‖B ≥ (1− |w|
2)|u(w)
1
1− |ϕ(w)|2
ϕ′(w)ϕ(w)|.
Thus
lim
|a|→1
‖uCϕfa‖B ≥ lim
|ϕ(w)|→1
‖uCϕfϕ(w)‖B ≥ lim
|ϕ(w)|→1
|u(w)ϕ#(w)|.
Also, set
gϕ(w)(z) = σϕ(w)(z)− ϕ(w), z ∈ D.
We obtain
‖uCϕgϕ(w)‖B ≥ |(1− |w|
2)u′(w)ϕ(w) + u(w)ϕ#(w)|.
Therefore
lim
|a|→1
‖uCϕfa‖B + lim
|a|→1
‖uCϕga‖B ≥ lim
|ϕ(w)|→1
(1− |w|2)|u′(w)|.
Note that
lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ) ((σa − a)σb) ‖B ≥ lim
|a|→1
‖(uCϕ − vCψ)(σ
2
a − aσa)‖B.
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By (ii), we have
lim
|ϕ(w)|→1
|u(w)ϕ#(w)| = lim
|ϕ(w)|→1
(1− |w|2)|u′(w)| = 0.
Hence, by Theorem 3 of [13] we get that uCϕ : H
∞ → B is compact, as
desired.
Case 2. If neither uCϕ nor vCψ is compact. We need only to prove that
condition (ii) implies conditions (i)-(vi) of Theorem B. We assume that
condition (ii) holds.
Suppose that Γ#u,ϕ 6= ∅. For a sequence {zn} ∈ Γ
#
u,ϕ, we consider the
function
f1,zn(z) = (σ
2
ϕ(zn)(z)− ϕ(zn)σϕ(zn)(z))σ
2
ψ(zn)(z), z ∈ D.
From the fact
f1,zn(ϕ(zn)) = f1,zn(ψ(zn)) = f
′
1,zn(ψ(zn)) = 0,
we get
‖(uCϕ − vCψ)f1,zn‖B
≥ (1− |zn|
2)|u′(zn)f1,zn(ϕ(zn))− v
′(zn)f1,zn(ψ(zn))
+u(zn)f
′
1,zn(ϕ(zn))ϕ
′(zn)− v(zn)f
′
1,zn(ψ(w))ψ
′(zn)|
= |u(zn)ϕ
#(zn)ϕ(zn)|ρ(zn)
2.
Thus,
lim
|ϕ(zn)|→1
|u(zn)ϕ
#(zn)|ρ(zn)
2 ≤ lim
|ϕ(zn)|→1
‖(uCϕ − vCψ)f1,zn‖B
≤ lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ)
(
(σ2a − aσa)σ
2
b
)
‖B.
So,
lim
n→∞
|u(zn)ϕ
#(zn)|ρ(zn)
2 = 0. (2.1)
Since |ϕ(zn)| → 1 and |u(zn)ϕ
#(zn)|9 0, we obtain ρ(zn)→ 0. Put
g1,zn(z) = (σϕ(zn)(z)− ϕ(zn))σ
2
ψ(zn)(z), z ∈ D.
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Then we have
‖(uCϕ − vCψ)g1,zn‖B
≥
∣∣∣∣(1− |zn|2)u′(zn)ϕ(zn)τ(zn)2
−u(zn)ϕ
#(zn)
(
τ(zn)
2 − 2ϕ(zn)τ(zn)
(1− |ϕ(zn)|
2)(1− |ψ(zn)|
2)
(1− ψ(zn)ϕ(zn))2
)∣∣∣∣
≥ 2|u(zn)ϕ
#(zn)ϕ(zn)|ρ(zn)(1− ρ(zn)
2)
−(1− |zn|
2)|u′(zn)ϕ(zn)|ρ(zn)
2 − |u(zn)ϕ
#(zn)|ρ(zn)
2
≥ |u(zn)ϕ
#(zn)|(2|ϕ(zn)|ρ(zn)− ρ(zn)
2 − 2|ϕ(zn)|ρ(zn)
3)
−(1− |zn|
2)|u′(zn)ϕ(zn)|ρ(zn)
2,
where
τ(zn) =
ψ(zn)− ϕ(zn)
1− ψ(zn)ϕ(zn)
.
Since
lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ) ((σa − a)σb) ‖B ≥ ‖(uCϕ − vCψ)g1,zn‖B,
using condition (B) and (2.1), and noting that |ϕ(zn)| → 1, we get
|u(zn)ϕ
#(zn)|ρ(zn)→ 0.
We get the condition (vi) of Theorem B.
Since ρ(zn)→ 0 for {zn} ∈ Γ
#
u,ϕ, we have ψ(zn)→ 1. Now, set
f2,zn(z) = (σ
2
ψ(zn)(z)− ψ(zn)σψ(zn)(z))σ
2
ϕ(zn)(z), z ∈ D,
and
g2,zn(z) = (σψ(zn)(z)− ψ(zn))σ
2
ϕ(zn)(z), z ∈ D.
We obtain that
lim
|ψ(zn)|→1
|v(zn)ψ
#(zn)|ρ(zn)
. lim
|ψ(zn)|→1
‖(uCϕ − vCψ)f2,zn‖B + lim
|ψ(zn)|→1
‖(uCϕ − vCψ)g2,zn‖B
. lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ)
(
(σ2a − aσa)σ
2
b
)
‖B
+ lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ)
(
(σa − a)σ
2
b
)
‖B
= 0.
Next, we consider
h1,zn(z) = (σϕ(zn)(z)− ϕ(zn))σψ(zn)(z), z ∈ D.
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Then we have
‖(uCϕ − vCψ)h1,zn‖B
≥
∣∣∣∣− (1− |zn|2)u′(zn)ϕ(zn)τ(zn)− u(zn)ϕ#(zn)τ(zn)
+u(zn)ϕ
#(zn)ϕ(zn)
(1− |ϕ(zn)|
2)(1− |ψ(zn)|
2)
(1− ψ(zn)ϕ(zn))2
+v(zn)ψ
#(zn)
(
ϕ(zn)− ψ(zn)
1− ϕ(zn)ψ(zn)
− ϕ(zn)
)∣∣∣∣
=
∣∣∣∣− (1− |zn|2)u′(zn)ϕ(zn)τ(zn)− u(zn)ϕ#(zn)τ(zn)
+u(zn)ϕ
#(zn)ϕ(zn)
(
(1− |ϕ(zn)|
2)(1− |ψ(zn)|
2)
(1− ψ(zn)ϕ(zn))2
− 1
)
+
(
u(zn)ϕ
#(zn)− v(zn)ψ
#(zn)
)
ϕ(zn)
+v(zn)ψ
#(zn)
(
ϕ(zn)− ψ(zn)
1− ϕ(zn)ψ(zn)
)∣∣∣∣.
By the conditions (B) and Lemma 2.1, we get
lim
n→∞
|u(zn)ϕ
#(zn)− v(zn)ψ
#(zn)|
. lim
|ϕ(zn)|→1
‖(uCϕ − vCψ)f1,zn‖B + lim
|ϕ(zn)|→1
‖(uCϕ − vCψ)g1,zn‖B
+ lim
|ψ(zn)|→1
‖(uCϕ − vCψ)f2,zn‖B + lim
|ψ(zn)|→1
‖(uCϕ − vCψ)g2,zn‖B
+ lim
|ϕ(zn)|→1
‖(uCϕ − vCψ)hzn‖B
. lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ)
(
(σ2a − aσa)σ
2
b
)
‖B
+ lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ)
(
(σa − a)σ
2
b
)
‖B
+ lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ) ((σa − a)σb) ‖B.
Thus, we have
lim
n→∞
|u(zn)ϕ
#(zn)− v(zn)ψ
#(zn)| = 0. (2.2)
We get condition (v) of Theorem B.
For {zn} ∈ Γ
#
u,ϕ, (2.2) implies |v(zn)ψ
#(zn)| 9 0. Thus Γ
#
u,ϕ ⊂ Γ
#
v,ψ.
The converse inclusion can be shown by the same way. So, we get Γ#u,ϕ =
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Γ#v,ψ, for the case Γ
#
u,ϕ 6= ∅. By the fact above, it is easy to see that Γ
#
u,ϕ 6= ∅
if and only if Γ#v,ψ 6= ∅. Hence, we get (iv) of Theorem B.
Assume that Λu,ϕ 6= ∅ and take a sequence {zn} ⊂ Λu,ϕ. By (iv) of
Theorem B, we have
lim
|ϕ(zn)|→1
|u(zn)ϕ
#(zn)|ρ(zn) = 0.
Using g1,zn again, we have
‖(uCϕ − vCψ)g1,zn‖B
≥
∣∣∣∣(1− |zn|2)u′(zn)ϕ(zn)τ(zn)2
−u(zn)ϕ
#(zn)
(
τ(zn)
2 − 2ϕ(zn)τ(zn)
(1− |ϕ(zn)|
2)(1− |ψ(zn)|
2)
(1− ψ(zn)ϕ(zn))2
)∣∣∣∣
≥ (1− |zn|
2)|u′(zn)ϕ(zn)|ρ(zn)
2
−|u(zn)ϕ
#(zn)|(2|ϕ(zn)|ρ(zn) + ρ(zn)
2 − 2|ϕ(zn)|ρ(zn)
3).
Therefore
lim
n→∞
(1− |zn|
2)|u′(zn)|ρ(zn)
2 = 0.
For {zn} ⊂ Λu,ϕ, we have
lim
n→∞
|(1− |zn|
2)|u′(zn)| 6= 0.
Hence, we get ρ(zn)→ 0 and
lim
n→∞
(1− |zn|
2)|u′(zn)|ρ(zn) = 0.
Then we get condition (iii) of Theorem B.
By ρ(zn)→ 0, we have |ψ(zn)| → 1. Taking
Fzn(z) = σϕ(zn)(z)σψ(zn)(z)− ϕ(zn)ψ(zn),
we have
‖(uCϕ − vCψ)Fzn‖B ≥ (1− |zn|
2)|u′(zn)− v
′(zn)||ϕ(zn)ψ(zn)|
−|u(zn)ϕ
#(zn)|ρ(zn)− |v(zn)ψ
#(zn)|ρ(zn).
Noting that
Fzn(z) = h1,zn(z) + ϕ(zn)(σψ(zn)(z)− ψ(zn)),
we have
lim
|ϕ(zn)|→1
‖(uCϕ − vCψ)Fzn‖B
≤ lim
|a|→1
sup
b∈D
‖(uCϕ − vCψ) ((σa − a)σb) ‖B + lim
|a|→1
‖(uCϕ − vCψ)(σa − a)‖B.
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Therefore, we obtain condition (ii) of Theorem B and Λu,ϕ = Λv,ψ for the
case Λu,ϕ 6= ∅. By the fact above, one can check that Λu,ϕ = ∅ if and only
if Λv,ψ = ∅.We get condition (i) of Theorem B. The proof is complete.
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